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1. Introduction
Faltings and Chai [2] constructed the theory of Siegel modular forms over any Z-algebra using
their arithmetic compactiﬁcation theory of the moduli space of abelian varieties. Based on this theory,
we will extend Igusa’s result [6] on Siegel modular forms over C, i.e., show that the ring of Siegel
full modular forms of degree 2 over any Z[1/6]-algebra is generated by the two normalized Eisenstein
series of weight 4, 6 and by the three normalized cusp forms of weight 10, 12, 35. These four modular
forms of even weight generate the even part of this ring, and if the base algebra is an integral domain,
then they are algebraically independent. Further, our result implies the surjectivity of the reduction
map modulo p from the ring of Siegel full modular forms over Z to that over Fp for any prime
p > 3 (note that if p  3, then the reduction map modulo p is not surjective because there is a Siegel
full modular form over Fp of weight p − 1 obtained as the generalized Hasse invariant). Our proof
depends on algebraic and moduli theoretic interpretations of the proofs of Igusa’s result given by
Freitag [3], Hammond [4] and Ibukiyama [5], and on Nagaoka’s result [10] on mod p Siegel modular
forms.
2. Moduli and modular forms
We review results of Faltings and Chai [2] on moduli and modular forms. For positive integers g , n,
let ζn be a primitive nth root of 1, and let Mg,n be the moduli stack (which becomes the ﬁne moduli
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with symplectic level n structure. Then Mg,n(C) is a complex orbifold of dimension g(g + 1)/2,
and it is represented as the quotient space Hg/Γg,n of the Siegel upper half space Hg by the in-
tegral symplectic group Γg,n = Ker(Spg(Z) → Spg(Z/nZ)) of degree g and level n. Then there exists
a universal abelian scheme A with 0-section s over Mg,n , and the Hodge line bundle λ is deﬁned
as det(s∗(ΩA/Mg )) which corresponds to the automorphic factor over Mg,n(C). In [2, Chapter IV],
Faltings and Chai constructed a smooth compactiﬁcation Mg,n of Mg,n associated with a good cone
decomposition of positive semi-deﬁnite symmetric bilinear forms on Rg , and a semi-abelian scheme
G with 0-section s over Mg,n extending A → Mg,n . Then λ = det(s∗(ΩG/Mg )) gives an extension of λ
to Mg,n , and
M∗g,n = Proj
(⊕
h0
H0
(
Mg,n, λ
⊗h))
is a projective scheme over Z[1/n, ζn] called Satake’s minimal compactiﬁcation.
Following [2, Chapter V], for any Z[1/n, ζn]-algebra R , we deﬁne the R-module Sg,h,n(R) of Siegel
modular forms over R of degree g, weight h and level n as
Sg,h,n(R) = H0
(
Mg,n, λ
⊗h ⊗Z[1/n,ζn] R
)
.
Then Sg,h,n(R) = R (h = 0), = {0} (h < 0) and the ring S∗g,n(R) of Siegel modular forms over R of degree g
and level n is deﬁned as
S∗g,n(R) =
⊕
h0
Sg,h,n(R)
which is a graded R-algebra. By Koecher’s principle,
Sg,h,n(R) = H0
(
Mg,n, λ
⊗h ⊗Z[1/n,ζn] R
)
if g > 1. Further, by Serre’s GAGA and Hartogs’ theorem, Sg,h,n(C) becomes the space of holomorphic
functions on Hg with the automorphy condition of weight h for Γg,n (and the cusp condition if
g = 1). When n = 1, deleting n in the above notation we put
Mg = Mg,1, Mg = Mg,1, M∗g = M∗g,1, Sg,h(R) = Sg,h,1(R), S∗g(R) = S∗g,1(R),
and call the elements of Sg,h(R) Siegel full modular forms.
For each 0-dimensional cusp on M∗g,n , take the corresponding Mumford’s semi-abelian scheme
(cf. [8]) formally represented as
G
g
m/
〈
(qij = q ji)1ig
∣∣ 1 j  g〉
over
Ag,n = Z
[
1/n, ζn,q
±1/n
i j (i = j)
][[
q1/n11 , . . . ,q
1/n
gg
]]
with principal polarization and symplectic level n structure. Then by the evaluation on this scheme,
we have a ring homomorphism
FR : S∗g,n(R) → Ag,n ⊗Z[1/n,ζn] R.
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(cf. [2, Chapter V]):
• FR is functorial for R;
• FC becomes the classical Fourier expansion;
• FR is injective on each Sg,h,n(R), and further for f ∈ Sg,h,n(R) and a sub Z[1/n, ζn]-algebra R ′
of R ,
FR( f ) ∈ Ag,n ⊗Z[1/n,ζn] R ′ ⇐⇒ f ∈ Sg,h,n(R ′)
which are called the q-expansion principle.
When n = 1, there is the unique 0-dimensional cusp on M∗g , and hence the Fourier expansion map is
uniquely determined.
3. Modular forms of degree 2
In this section, let R be a Z[1/6]-algebra, and consider Siegel full modular forms over R of de-
gree 2. As is stated in [6,7], there are Eisenstein series E4 ∈ S2,4(Z), E6 ∈ S2,6(Z), and cusp forms
χ10 ∈ S2,10(Z), χ12 ∈ S2,12(Z), χ35 ∈ S2,35(Z) which are normalized and hence primitive, i.e., not con-
gruent to 0 modulo any prime. Denote by the same symbol the elements of S∗2(R) obtained from the
above modular forms naturally, i.e., given by the images of these forms tensored with the unit of R
by the natural R-linear homomorphism S∗2(Z) ⊗ R → S∗2(R).
Theorem. Let R be a Z[1/6]-algebra. Then the even part
Seven2 (R) =
⊕
h0
S2,2h(R)
of S∗2(R) is generated by the four modular forms E4 , E6 , χ10 , χ12 , and
S∗2(R) = Seven2 (R) ⊕χ35 · Seven2 (R).
Proof. First, using a moduli theoretic interpretation of results of Igusa [6], Freitag [3], Hammond [4]
and Nagaoka [10], we will prove that
Seven2 (R) = R[E4, E6,χ10,χ12].
Let π : C → X2 be the universal curve over the moduli stack of stable curves of genus 2, and let ωC/X2
be its relative dualizing sheaf (cf. [1]). Further, denote by Δ0 (resp. Δ1) the locus in X2 consisting of
self-intersecting curves (resp. unions of two curves of genus 1). Then the map
S2
(
π∗(ωC/X2 )
)  s ⊗ s′ → s · s′ ∈ π∗(ω⊗2C/X2)
(S2(∗) denotes the symmetric tensor product of ∗ with itself) obtained by taking products of local
sections, and Mumford’s isomorphism in [9, Theorem 5.10] give
det
(
π∗(ωC/X2 )
)⊗3 ∼= det(π∗(ω⊗2C/X2))⊗ OX2(Δ1)⊗(−1)
∼= det(π∗(ωC/X2 ))⊗13 ⊗ OX2 (Δ0 + 2Δ1)⊗(−1).
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OX2
∼→ det(π∗(ωC/X2 ))⊗10 ⊗ OX2(Δ0 + 2Δ1)⊗(−1),
and the image of 1 ∈ OX2 becomes χ10 ∈ S2,10(Z) up to sign by the uniqueness of the Siegel cusp
form of degree 2 and weight 10. Therefore, the divisor Div(χ10) of χ10 is δ0+2δ1, where δ0 = M2−M2
and δ1 denotes the closure in M2 of the locus corresponding to the products of two elliptic curves.
Since M2 parametrizes principally polarized semi-abelian schemes with proper general ﬁber of
relative dimension 2, there is a morphism X2 → M2 sending each stable curve of genus 2 to its gen-
eralized Jacobian variety with canonical polarization. Then combining the pullback by this morphism
and the restriction to δ1, we have an R-linear ring homomorphism WR : S∗2(R) → S2(S∗1(R)) called
the Witt operator. This operator has the following properties:
• if f ∈ S2,h(R), then W ( f ) is a ﬁnite sum of the symmetric products of gi,hi ∈ S1,h(R), and its
Fourier expansion FR(W ( f )) is FR( f )|q12=q21=1.
• W (Ei) = E(1)i (q11) · E(1)i (q22) (i = 4,6), and W (χ12) = 12Δ(q11) · Δ(q22), where E(1)i and Δ are
the normalized elliptic Eisenstein series of weight i and cusp form of weight 12 respectively (cf.
[10, p. 414]).
By the deﬁnition of W , for any f ∈ Ker(WR) of even weight, its Fourier expansion FR( f ) is divisible
by q11 · q22 and by (q12 − 1)2 = (q21 − 1)2 because it is invariant under the transform
( q11 q12
q21 q22
) →
( q11 q−112
q−121 q22
)
which is induced from
( 1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1
)
∈ Sp2(Z). Therefore, Div( f ) δ0 + 2δ1, and hence f is a
multiple of χ10. On the other hand, it is seen that the ring S∗1(R) is generated by E
(1)
4 and E
(1)
6 from
the standard argument using the following facts:
• any nonzero cusp form in S∗1(R) is a multiple of
Δ = 2−63−3((E(1)4 )3 − (E(1)6 )2),
and hence this form has weight  12,
• S1,h(R) = {0} if h is odd because its element is invariant under the action by
(−1 0
0 −1
)
,
• S1,2(R) = {0} because f ∈ S1,2(R) with FR( f ) = a0 + a1q + · · · satisﬁes that FR( f )FR(E(1)4 ) =
a0FR(E
(1)
6 ), FR( f )FR(E
(1)
6 ) = a0FR(E(1)4 )2, and hence 2633a0 = 0.
Therefore, by Nagaoka’s argument in the proof of [10, Theorem 4.3], we have
Seven2 (R) = R[E4, E6,χ10,χ12].
Second, based on Ibukiyama’s proof [5] of Igusa’s result [6], we complete the proof by showing
that any Siegel full modular form over R of degree 2 and odd weight is a multiple of χ35, and
hence the quotient belongs to Seven2 (R). Following [6, II, p. 398], we identify Sp2(Z/2Z) with the
symmetric group S6 of degree 6 via the action on odd characteristics. Then we obtain a subgroup
Γ2,e of Γ2 = Sp2(Z) of index 2 which is deﬁned as the inverse image of the alternating subgroup A6
of S6 by the surjective homomorphism Γ2 → Sp2(Z/2Z) = S6. Let Γ1,e be the subgroup of Γ1 = SL2(Z)
of index 2 which is the inverse image of A3 by Γ1 → SL2(Z/2Z) = S3. Then we have:
(1)
( 0 −1 0 0
1 0 0 0
0 0 0 −1
)
belongs to Γ2 − Γ2,e , and it maps
( q11 1
1 q22
)
to
( q22 1
1 q11
)
,0 0 1 0
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( a b
c d
) =
( a 0 b 0
0 1 0 0
c 0 d 0
0 0 0 1
)
and ψ2
( a b
c d
) =
( 1 0 0 0
0 a 0 b
0 0 1 0
0 c 0 d
)
are homomorphisms Γ1 → Γ2 satisfying that α ∈
Γ1,e ⇔ ψi(α) ∈ Γ2,e for α ∈ Γ1 and i = 1,2.
Further, for g = 1,2, Hg/Γg,e has a natural model over Z[1/2] which we denote by Mg,e . Then the
normalization π : Mg,e → Mg of Mg in the function ﬁeld of Mg,e is ramiﬁed along the divisor lying
above the unique 0-dimensional cusp on M∗g .
For g = 1,2, let S−g,h(R) denote the space of Siegel modular forms over R of degree g and weight h
with odd character for Γg → Γg/Γg,e = {±1}. Then it is known that a square root of χ10 ∈ S2,10(Z) is
given as the product θ5 of the even theta constants and of 2−6 which is a primitive cusp form and
belongs to S−2,5(Z[1/2]). Denote by the same symbol the Siegel cusp form over R obtained from θ2
naturally. Let f ∈ S2,h(R) have an odd weight h. Then by [7, Lemma 8], Div( f )  2δ0 + δ1, hence f
is a multiple of θ5, and further the quotient f /θ5 ∈ S−2,h−5(R) has zero on π−1(δ0) ⊂ M2,e of order
 3. The Witt operator can be also deﬁned on S−2,∗(R) as above, and hence by (1) and (2), W ( f /θ5) =
FR(W ( f /θ5)) is represented as
∑
i
(
gi(q11) · hi(q22) − hi(q11) · gi(q22)
)
,
where gi,hi ∈ S−1,h−5(R) has zero of order  3 at the cusp π−1(M1 − M1) of M1,e . Since
√
Δ ∈
S−1,6(Z[1/2]) has only zero of order 1 at the cusp of M1,e , gi/
√
Δ,hi/
√
Δ ∈ S1,h−11(R) are cusp forms,
and by the above representation, we may assume that they are linearly independent. Therefore, by
the linearity of W , we may put
(gi,hi) =
(
Δ3/2+a · (E(1)4 )b · (E(1)6 )c,Δ3/2 · (E(1)4 )3a+b · (E(1)6 )c)
for some integers a,b  0 and c ∈ {0,1}. Since
FR(χ35) = (q11q22)2(q11 − q22)
(
q12 − q−112
)+ · · ·
(cf. [7, p. 165]), and
FR(θ5) = √q11√q22
(√
q12 − √q12−1
)+ · · · ,
we have
W (χ35/θ5)|√q12=√q21=1 = 2Δ(q11)3/2 · Δ(q22)3/2 ·
(
Δ(q11) · E(1)4 (q22)3 − E(1)4 (q11)3 · Δ(q22)
)
.
Further,
Δ(q11)a · E(1)4 (q22)3a − E(1)4 (q11)3a · Δ(q22)a
Δ(q11) · E(1)4 (q22)3 − E(1)4 (q11)3 · Δ(q22)
=
∑
i+ j=a−1
(
Δ(q11) · E(1)4 (q22)3
)i · (E(1)4 (q11)3 · Δ(q22)) j
belongs to W (Seven2 (R)) as is shown in the proof of [10, Theorem 4.3]. Hence there is an element f
′
of S−2,h−5(R) which is a multiple of χ35/θ5 and satisﬁes that W ( f
′) = W ( f /θ5). Therefore, f /θ5 − f ′
belongs to Ker(W ), hence is a multiple of θ5, and further ( f /θ5 − f ′)/θ5 belongs to S2,h−10(R). By
repeating this process, one can see that f is a multiple of θ5 · (χ35/θ5) = χ35. This completes the
proof. 
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